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Compressed cylindrical shells are common in our daily life, such as the diamond shape in rolled-up
sleeves, crumpled aluminum cans, and retreated package of now defunct drinking straws. The kind
of deformation is formally called the Yoshimura pattern. However, there are many other equally
prevalent modes of deformation, depending on the relative size of radius between the shell and
its inner core, the thickness and rigidity and plasticity of the shell, etc. To elucidate the phase
diagram for these modes, we combine molecular dynamics simulations and experiments to study the
energetic, mechanical, and morphological responses of a compressed cylindrical shell with a hard
core.
PACS numbers:
I. INTRODUCTION
The deformation of soft material is general and can
be due to mechanical force, temperature, pH value, hu-
midity, electric field, and van der Waals interactions[1–
12]. Plentiful examples exist in living creatures, such as
the wrinkling of skins[13–15], differential growth of bacte-
rial biofilms[16], and pattern selection in growing tubular
tissues[17]. Researchers who were interested at distinct
undulating topologies for fruits and vegetables[18] or soft
elastic cylindrical shell[19, 20] have discussed different
modes of deformation for core-shell structures. But, in
real-life examples of rolled-up sleeves, taken-off pants,
shedding skin of snake, (now extinct) wrinkled wrapping
when removed from drinking straws, or more exotic ba-
nana leaves as shown in Fig. 1(a-c), there is a gap be-
tween the core and shell. Intuitively this interval lends
more freedom to the deformation and may allow for the
creation of new modes. To clarify this conjecture we
will discuss the morphology and dynamics of a cylindri-
cal shell with a coaxial core whose radii R0 and Rin are
independently varied. Note that R0 is defined as the av-
erage of inner and outer radii of shell. In addition, the
compression rate v and shell properties, such as initial
length L0, thickness t, and hardness, will be among our
tuning parameters.
We use a stepping motor to compress cylindrical shells
of silica gel and paper with a rigid steel rod at its core,
as shown in Fig. 1(d). To avoid friction, we lubricate
the core with a thin layer of oil before each round of
compression. In order to better understand the distribu-
tion and ratio of bending and stretching energies, molec-
ular dynamics (MD) simulation will also be employed. In
contrast to just one mode (diamond) of deformation for
stand-alone shells[21] and two (wrinkle and sagging) for
core-shell without a gap[19, 20], our core-gap-shell sys-
tem can exhibit as many as five different modes. Among
them, the spiral, ladder, diamond, and sagging modes
show up in thick shells, as shown in Fig.1(e, f, g, i).
Whiles, only diamond, wrinkle, and sagging modes are
observed in Fig.1(g, h, i) for thin shells.
FIG. 1: (color online) Examples of compressed cylindrical
shell, (a) banana leaf, (b) package of chopsticks, and (c)
rolled-up sleeves. Panel (d) shows the experimental set-up.
Different modes of compressed shell can be observed: (e) spi-
ral, (f) ladder, (g) diamond, (h) wrinkle, and (i) sagging. The
inset of (e, f) are silica gel tube, (g) is paper roll, and (h, i) are
balloon. Further detail of inset (h): left part shows wrinkle,
and the right part shows ridge.[20]
II. MD SIMULATION
Our MD simulation adopts the Weeks-Chandler-
Anderson potential [22] to enforce the excluded volume
for each lattice point and define the length unit σ and
the energy unit . We choose a hexagonal lattice with
mean spacing a0 = 1.0 σ to form a cylindrical shell.
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2Two impenetrable walls are arranged at both ends of
the shell. The reduction of length to L is carried out
by moving one of the walls. Since kb/ks = 3t
2/32 where
kb and ks are the bending and stretching modulii [23],
and two values of t, 0.23σ and 2.3σ, are tested by vary-
ing kb = 10
3 ∼ 105/σ2 while holding ks fixed. In the
mean time, different materials are simulated by chang-
ing ks for the same t. The elastic energy comprises two
forms: stretching energy Es = ks(a−a0)2/2 and bending
energy Eb = kb(θ− θ0)2/2 where a is the length between
adjacent beads and θ is the angle spanned by three con-
secutive beads along a lattice direction and θ0 = pi along
the length and θ0 = [(2piR − 2)/(2piR)]pi in the circular
cross section. Plasticity is included by halving the mag-
nitude of kb beyond a yield angle |θ − θ0| of 10◦ [24].
The compression rate is set at v = −10−4σ/vs where
vs = σ(m/)
1/2 is the time unit and m is the mass of
bead. All simulations are performed using LAMMPS ver-
sion 16Mar18[25].
III. MODE MAP
Since we already know that there are five modes, we
can assemble a mode map to characterize their corre-
sponding stages during compression. Inputs from experi-
ments and MD simulation tell us that plasticity promotes
diamonds while suppressing other modes, which obser-
vation is consistent with our experience with a casually
rolled-up sleeve. Readers may protest that sleeves can
also assume the neat and more stable mode of sagging.
But this is created by deliberate folding and not in the
scope of our discussion. The deformation mode of silica
gel tube, representative of an elastic shell, is more diversi-
fied than its plastic counterpart. The mode map consists
of three dimensionless parameters: reduced length L/L0,
R0 − Rin/t, and ks/v2 × ρ that incorporates the effect
of hardness and compression rate where ρ denotes the
surface mass density of the shell in simulation.
Note that all deformations originate from the moving
end. The first mode that appears is spiral that consists of
two parallel lines spiraling up the shell Further compres-
sion introduces two sets of rungs that wrap around the
shell and use the spirals as side rails to form the ladder
mode. The rungs appear crooked at first, but improve
in their orientation, namely, becoming more parallel as
L decreases. When the gap R0 − Rin is increased from
2 to beyond 5, a fourth mode of diamond will interpose
itself between and coexist with ladder and sagging. But
if the gap is further widened to 10, there is no sagging
after diamond. A complete survey of modes can be found
in Fig. 2 which plots gap vs. L/L0. Note that once the
sagging shows up, the preceding mode, either ladders or
diamonds, will be quickly suppressed to resume the sur-
face back to smoothness. In contrast, the transition from
ladder to diamond is gradual.
For an elastic thin shell, diamond is the first mode
that emerges. (a) After the diamond pattern gradually
FIG. 2: (color online) For panel (a)/(b) shows the deforma-
tion mode of shell with R0 = 20, L0 = 200, v = −10−4,
ks = 2 × 105, and t = 0.23/2.3. Different hardness in (c)/(d)
with R0 = 20, Rin = 16 L0 = 200, v = −10−4, t = 0.23/2.3.
spreads and covers the whole shell, wrinkles start to ap-
pear and coexist with the diamond. (b) A second tran-
sition happens when all the wrinkles are wiped out by a
sudden appearance of sagging. (c) Afterwards, wrinkles
reemerge between and coexist with sagging and diamond.
Further compression will introduce a second sagging and
the processes (b) and (c) are duplicated. As shown in Fig.
2, the number of repetitions can be as frequent as four.
We have checked the effect of plasticity which turns out
to suppress all the deformation mode except diamond.
Furthermore, plasticity renders the arrangement of dia-
mond less periodic.
IV. ENERGETIC RESPONSE
The energetic and mechanical responses for a thin shell
from MD simulations are shown in Fig. 3(a, b) where E0
is the initial total energy and F0 is the resistance force
at L/L0 = 0.99. Being the first mode to appear, dia-
mond increases its size with compression. It was men-
tioned in Fig. 2 that there are only three modes for
a thin shell. Wrinkling emerges and coexists with the
diamonds at the first transition, which is characterized
by a discontinuous d(Eb/Es)/dL. In contrast, each of
the latter transitions introduces one more sagging and
exhibits discontinuities in both Etot and Eb/Es. Analo-
3FIG. 3: (color online) Panel (a)/(b) shows the ener-
getic/mechanical response of R0 = 10, Rin = 9, L0 = 200,
v = −10−4, ks = 2 × 105, t = 0.23. Each thin straight line
highlight the pattern transition on the shell or the formation
of the sagging. During the uniform diamond mode, Y and
Eb/Es remain a constant. For panel (c)/(d) shows the the en-
ergetic/mechanical response of R0 = 20, Rin = 18, L0 = 300,
v = −10−4, ks = 2 × 105, t = 2.3. The transition is sim-
pler than thinner shell, the first mode is spiral then turn into
ladder and end with sagging. A constant Eb/Es during lad-
der mode, and decrease during sagging mode. Besides ladder,
spiral and sagging remain a constant Y .
gous to the latent heat when water freezes, the difference
of Etot is converted into kinetic energy before being dis-
sipated as heat. In contrast to the total Eb and Es in
Fig. 3(a), we have also measured those for individual
mode. The ratio Eb/Es turns out to be insensitive to
L and remains at 3/2 for wrinkles and 0.8/1.4/2.1 for
small/medium/large diamonds that appear respectively
in L/L0 > 0.93, 0.89 < L/L0 < 0.93, and L/L0 < 0.89.
The reason why Eb/Es increase is that, as the height of
diamond perimeter increases with compression, its width
narrows to avoid stretching the surface, which implies
more Eb is required. The ratio Eb/Es for sagging is also
not a constant. This is expected because Eb is stored
mainly on the bending part which remains intact as sag-
ging grows. As a result, the input work is totally con-
verted to Es on the lengthening overlap part.
Figure 3(b) tells us that the force of resistance is
discontinuous at the second and following transitions.
The Young’s modulus Y can be measured by taking the
derivative of F with respect to L. The observation that
Y equals roughly a constant in Fig. 3(b) should not be
taken too seriously. We believe it is due to the fact that
diamond remains the dominant mode for L/L0 > 0.7.
We except that Y will change when sagging take place
diamond for further compression.
Now let’s study the energetic and mechanical responses
for thick shells in Fig. 3 (c, d). As depicted in Fig. 2,
the first deformation to appear is a groove at either end
of the shell, that is evidenced by a sudden surge of Eb
and Es with Eb being the dominant energy. The grooves
persist after spiral and ladder take turns at occupying
the shell. The ratio Eb/Es for these two modes is de-
termined to be roughly 0.4 and 0.45. Unlike thin shells,
sagging does not coexist with other modes, i.e., the thick
shell resumes to smoothness as soon as sagging appears,
which transition is signified by a discontinuity in Etot.
As further compression lengthens the sagging, the folded
edge where Eb mainly resides remains roughly the same,
while Es increases linearly with L0 − L. In the mean
time, the shape of folded edge flips between being round
and blunt as the edge being pushed by the fictitious wall,
which adds an oscillatory part to Eb/Es vs. L/L0 in Fig.
3(c).
Experimental results for silica gel tube are plotted in
Fig.4(a) where each dip represents the appearance of
a new sagging. A lower compression rate v exhibits a
higher F . The shorter shell, as denoted by triangles, ex-
hibits a steeper slope than diamonds in Fig.4(a). This is
expected from F = (Y A/L0)(L0 − L). However, if mul-
tiplied by their respective L0, the slope for triangles will
become slightly smaller than that for diamonds. This im-
plies that, unlike homogeneous material, Y is not pure an
intrinsic property, but may depend on L0 for a shell with
deformations. The effect of Rin is also checked. The fact
that the cube data overlap with diamonds before sagging
implies that, as long as Rin is nonzero, Y is insensitive
to its value. And, once entered, sagging always enhances
Y besides the induction of a sudden drop in F at the
transition.
Our simulation results without plasticity in Fig.4(b)
show that a shorter L0, larger Rin, and higher v require
a stronger F to achieve the same L0−L. These trends are
consistent with those of silica gel in Fig.4(a). One fur-
ther parameter that we tested in simulations is the effect
of thickness t. As expected, thicker samples also require
a larger force. To test the effect of plasticity, we also
arrange to sample on paper roll to obtain Fig.4(c) and
contrast it with simulations with plasticity in Fig.4(d).
Two characteristics that are unique to plastic shells are
that the mode of deformation is reduced to one, i.e., di-
amonds, and rings of diamonds emerge discretely. The
F is found to fluctuate whenever a new ring of diamonds
appears, similar to the behavior of paper roll. But our
simulations fail to predict the overall increase of F as
L0 − L increases. Since there was no such a trend in
another experiment[21] without a core, We believe the
increment in F must be due to the increasing number of
contacts and frictional force between the shell and the
core.
V. RELEASE
After we roll up the sleeve, the deformation can persist
for a while due to its friction with our arm. How about
the compression shell for a purely elastic shell in MD
simulations? In other words, is the compression process
intrinsically irreversible? Or is plasticity crucial to in-
duce hysteresis? This is the goal of our following simula-
tions in which the compressing wall is suddenly removed.
4FIG. 4: (color online) Resistance force is plotted against re-
duced length for real samples. (a) Silica gel tube with different
Rin(mm), L0(mm) and v(mm/s), while R0 = 4.18mm is fixed.
(b) Simulation result with same variation, while R0 = 20 is
fixed. (b) Paper roll with different t(mm) while R0 = 15.9mm,
Rin = 11mm, L0 = 180mm, and v=0.41mm/s are fixed. In
contrast to Fig. 3, plasticity is added to MD simulations with
R0 = 20, L0 = 300, and v = 10
−4 to obtain plot (c) in order
to compare with (a) and (b).
The recoil speed vrecoil and total energy are recorded and
plotted in Fig.5(a). It can be seen that vrecoil varies with
modes and is the smallest for sagging.
The thick shell in MD will always stuck at sagging and
never recover to smooth again. We use Etot/E0 as the
degree of deformation to plot the relation to the simula-
tion time t for thin shell in MD. We find that harder and
more space can release faster, and independent of tem-
perature. The temperature represent the kinetic energy
of the beads, which means the fluctuation of the shell
is independent of the relaxation in simulation. To avoid
the shell brittle or melt, it can not change the range of
temperature to check this property in experiment. For
elastic case, as shown in Fig. 5(a), the stepped energetic
response represents the untying of the sagging. Note that
if and only if R0 − Rin > 3, the sagging can be untied.
Compare to the plastic case, as shown in Fig.5(b), it is
hard to form sagging during compression, which means
that there will no stepped energetic response and there
is a good agreement, with R2 ∼ 0.99, of the relation:
Etot/E0 = a× exp(−t/τ) + Emin, for a is dependent on
the maximum total energy of each different case, τ is
relaxation time and Emin is Etot/E0 at the equilibrium
state.
FIG. 5: (color online) We shift the time axis to 0 when the
relaxation starts, and distinguish the (a) elastic and (b) plas-
tic case. (a) shows the harder material recover faster with
R0 = 20, Rin = 16, L0 = 200, t = 0.23, and independent
of temperature in the inset. (b) compares the deformation
of simulation and experiment with plastic at the right side,
and shows larger space, i.e. R0 − Rin, recover faster with
R0 = 20, L0 = 300, v = 10
−4, t = 0.23.
VI. DISCUSSION
Although the morphological and mechanical responses
obtained by our simulation are consisting with exper-
imental results, some discrepancies still exist. For in-
stance, the diamond mode that appears in simulations
for a thick shell with Rin/R0 > 0.6 was never observed
in experiments. In simulations for thick shells the appear-
ance of sagging will wipe out whatever modes preceeding
it. However, in real experiments sagging is less exclusive.
Boundary condition, e.g., whether the circular ends are
allowed to deform during compression, is checked not to
alter our conclusions, except minor quantitative correc-
tions to the critical L/L0 when different modes switch.
Intuitively one would imagine Rin not to matter when
the deformation is not serious and the shell never touches
the core. However, this is limited to the early stage of
compression when L/L0 > 0.95. As a result, it is still
acceptable for us to use the parameter (R0−Rin)/R0 as
a label for the mode map.
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